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GALERKIN FINITE ELEMENT METHOD FOR GENERALIZED
FORCHHEIMER EQUATION OF SLIGHTLY COMPRESSIBLE FLUIDS IN
POROUS MEDIA
THINH KIEU †
Abstract. We consider the generalized Forchheimer flows for slightly compressible fluids. Using Muskat’s
and Ward’s general form of Forchheimer equations, we describe the fluid dynamics by a nonlinear degenerate
parabolic equation for the density. We study Galerkin finite elements method for the initial boundary value
problem. The existence and uniqueness of the approximation are proved. The prior estimates for the solutions
in L∞(0, T ;Lq(Ω)), q ≥ 2, time derivative in L∞(0, T ;L2(Ω)) and gradient in L∞(0, T ;W 1,2−a(Ω)), with
a ∈ (0, 1) are established. Error estimates for the density variable are derived in several norms for both
continuous and discrete time procedures. Numerical experiments using backward Euler scheme confirm the
theoretical analysis regarding convergence rates.
Key words. Porous media, immersible flow, error analysis, Galerkin finite element, nonlinear degenerate
parabolic equations, generalized Forchheimer equations, numerical analysis.
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1. Introduction . Fluid flow through porous media has been studied in many fields such
as chemistry, physics, engineering, and geology. The most common equation to describe fluid
flows in porous media is the Darcy law
−∇p = µ
κ
v, (1.1)
where p, v, µ, κ are, respectively (resp.), the pressure, velocity, absolute viscosity and permeability.
For the Reynolds number large, for instance the high-velocity flow [3, 30], Darcy’s law
is not valid any more. A nonlinear relationship between velocity and gradient of pressure
is introduced, as suggested by Forchheimer in [15, 16], by adding the higher order term of
velocity to the Darcy law. It is known as generalized Forchheimer laws, see [3,30,31,34,36] and
references therein. Forchheimer established the following three nonlinear empirical models:
−∇p = av + b|v|v, −∇p = av + b|v|v + c|v|2v, −∇p = av + d|v|m−1v,m ∈ (1, 2). (1.2)
Above, the positive constants a, b, c, d are obtained from experiments.
The generalized Forchheimer equation of (1.1) and (1.2) were proposed in [2,17,18] of the
form
−∇p =
N∑
i=0
ai|v|αiv. (1.3)
These equations are analyzed numerically in [8, 26, 32], theoretically in [2, 18–21, 24] for
single phase flows, and also in [22, 23] for two phase flows.
In order to take into account the the dependence on density in generalized Forchheimer
equation, we modify (1.3) using dimension analysis by Muskat [30] and Ward [36]. They
proposed the following equation for both laminar and turbulent flows in porous media:
−∇p = F (vακα−32 ρα−1µ2−α), where F is a function of one variable. (1.4)
In particular, when α = 1, 2, Ward [36] established from experimental data that
−∇p = µ
κ
v + cF
ρ√
κ
|v|v, where cF > 0. (1.5)
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Combining (1.3) with the suggestive form (1.4) for the dependence on ρ and v, we propose
the following equation
−∇p =
N∑
i=0
aiρ
αi |v|αiv, (1.6)
where N ≥ 1, α0 = 0 < α1 < . . . < αN are real numbers, the coefficients a0, . . . , aN are
positive. Here, the viscosity and permeability are considered constant and we do not specify
the dependence of ai’s on them.
Multiplying both sides of previous equation to ρ, we obtain
g(|ρv|)ρv = −ρ∇p, (1.7)
where the function g is a generalized polynomial with non-negative coefficients. More precisely,
the function g : R+ → R+ is of the form
g(s) = a0s
α0 + a1s
α1 + · · ·+ aNsαN , s ≥ 0, (1.8)
where N ≥ 1, α0 = 0 < α1 < . . . < αN are fixed real numbers, the coefficients a0, . . . , aN are
non-negative numbers with a0 > 0 and aN > 0.
The equation of state which, for slightly compressible fluids, is
1
ρ
dρ
dp
=
1
κ
= const. > 0.
Hence
∇ρ = 1
κ
ρ∇p, or ρ∇p = κ∇ρ. (1.9)
Combining (1.8) and (1.9) implies that
g(|ρv|)ρv = −κ∇ρ. (1.10)
By rescaling coefficients of g we have
g(|ρv|)ρv = −∇ρ.
Hence
ρv = −K(|∇ρ|)∇ρ, (1.11)
where the function K : R+ → R+ is defined for ξ ≥ 0 by
K(ξ) =
1
g(s(ξ))
, with s = s(ξ) being the unique non-negative solution of sg(s) = ξ. (1.12)
The continuity equation is
φρt + div(ρv) = f. (1.13)
where constant φ ∈ (0, 1) is the porosity, f is external mass flow rate .
By combining (1.11) and (1.13) we obtain
φρt −∇ · (K(|∇ρ|)∇ρ) = f. (1.14)
Then by scaling the time variable in (1.14) implies
ρt −∇ · (K(|∇ρ|)∇ρ) = f. (1.15)
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The system of equations describing the fluid motion reduces to a scalar equation of density
function. This is a nonlinear parabolic equation which degenerates as the gradient of density
approach to infinity.
For the existence and regularity theory of degenerate parabolic equations, see e.g. [7,19,27].
The popular numerical method for modeling flow in porous media are mixed finite element
method. Arbogast, Wheeler and Zhang [1] first analyzed mixed finite element approximations
of degenerate parabolic equation arising in flow in porous media. Not so long later, Woodward
and Dawson in [37] study of expanded mixed finite element methods for a nonlinear parabolic
equation modeling flow into variably saturated porous media. In recently years, the Galerkin
finite element method for a coupled nonlinear degenerate system of advection-diffusion equations
has studied in [9–14]. In their analysis, the Kirchhoff transformation is used to move the
nonlinearity from coefficient K to the gradient and thus simplifies analysis of the equations.
This transformation does not applicable for the equation (1.15).
In this paper, we combine techniques in [17–21, 24] utilizing the special structures of
equation to obtain the error estimates for the solutions in several norms of interest. We obtain
these results without any extra regularity assumption, though the order of error estimates are
far from optimal order.
The paper is organized as follows: In §2 we introduce notations, relevant results in [2,17,26]
and suitable trace estimates in Lemma 2.4 for the nature of our equation. In §3 we consider
the semidiscrete finite element Galerkin approximation and an implicit backward difference
time discretization to solve problem (3.1). In §4 we establish many bounds for solutions, its
time derivative and gradient to problem (3.2) and (3.4) in Lebesgue norms. In §5 we analyze
two version of a Galerkin finite element approximations, the continuous Galerkin method and
the discrete Galerkin method. Using the monotonicity properties of Forchheimer equation and
the boundedness of solutions, the priori error estimates are derived for solution in Lq-norm
with 2 ≤ q ≤ ∞ and for gradient of solution in L2−a-norm. Finally, in §6 numerical examples
using the Lagrange elements of order 2 are carried out in two-dimension. The results strongly
support our theoretical analysis regarding convergence rates.
2. Notations and preliminary results. Suppose that Ω is an open, bounded subset of
R
d, with d = 2, 3, . . ., and has C1-boundary Γ = ∂Ω. Let L2(Ω) be the set of square integrable
functions on Ω and (L2(Ω))d the space of d-dimensional vectors which have all components in
L2(Ω). We denote (·, ·) the inner product in either L2(Ω) or (L2(Ω))d that is
(ξ, η) =
∫
Ω
ξηdx or (ξ,η) =
∫
Ω
ξ · ηdx.
The notation 〈·, ·〉 will be used for the L2(∂Ω) inner-product and ‖u‖Lp = ‖u‖Lp(Ω) for
standard Lebesgue norm of the measurable function. The notation ‖·‖ will means scalar norm
‖·‖L2(Ω) or vector norm ‖·‖(L2(Ω))d . We denote ‖u‖Lp(Lq) = ‖u‖Lp(0,T ;Lq(Ω)) , 1 ≤ p, q < ∞
means the mixed Lebesgue norm for a function u while ‖u‖Lp(Hq) = ‖u‖Lp(0,T ;Hq(Ω)) , 1 ≤
p, q <∞ stand for the mixed Sobolev-Lebesgue norm of a function u.
For 1 ≤ q ≤ +∞ and m any nonnegative integer, let
Wm,q(Ω) =
{
u ∈ Lq(Ω), Dqu ∈ Lq(Ω), |q| ≤ m}
denote a Sobolev space endowed with the norm
‖u‖m,q =
( ∑
|α|≤m
‖Dαu‖qLq(Ω)
) 1
q
.
Define Hm(Ω) =Wm,2(Ω) with the norm ‖·‖m = ‖·‖m,2.
Throughout this paper, we use short hand notations,
I = (0, T ), ‖ρ(t)‖ = ‖ρ(·, t)‖L2(Ω) , ∀t ∈ I and ρ0(·) = ρ(·, 0).
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Also our calculations frequently use the following exponents
a =
αN
αN + 1
=
deg(g)
deg(g) + 1
, (2.1)
and
β = 2− a, λ = 2− a
1− a =
β
β − 1 , γ =
a
2− a =
a
β
. (2.2)
The arguments C,C0, C1, . . . will represent for positive generic constants and their values
depend on exponents, coefficients of polynomial g, the spatial dimension d and domain Ω,
independent of the initial and boundary data, size of mesh and time step. These constants
may be different place by place.
Lemma 2.1 (cf. [2, 17]). The function K(ξ) has the following properties
(i) K : [0,∞)→ (0, a−10 ] and it decreases in ξ,
(ii) For any n ≥ 1, the function K(ξ)ξn increasing and K(ξ)ξn ≥ 0
(iii) Type of degeneracy
c1
(1 + ξ)a
≤ K(ξ) ≤ c2
(1 + ξ)a
, (2.3)
(iv) For all n ≥ 1,
c3(ξ
n−a − 1) ≤ K(ξ)ξn ≤ c2ξn−a, (2.4)
(iv) Relation with its derivative
− aK(ξ) ≤ K ′(ξ)ξ ≤ 0, (2.5)
where c1, c2, c3 are positive constants depending on Ω and g.
We define
H(ξ) =
∫ ξ2
0
K(
√
s)dx, for ξ ≥ 0. (2.6)
The function H(ξ) can compare with ξ and K(ξ) by
K(ξ)ξ2 ≤ H(ξ) ≤ 2K(ξ)ξ2. (2.7)
For the monotonicity and continuity of the differential operator in (1.15) we have the
following results.
Lemma 2.2 (cf. [17]). One has
(i) For all y, y′ ∈ Rd,(
K(|y′|)y′ −K(|y|)y) · (y′ − y) ≥ (β − 1)K(max{|y|, |y′|})|y′ − y|2. (2.8)
(ii) For the vector functions s1, s2, there is a positive constant C such that(
K(|s1|)s1 −K(|s2|)s2, s1 − s2
) ≥ Cω ‖s1 − s2‖2Lβ(Ω) , (2.9)
where ω =
(
1 + max{‖s1‖Lβ(Ω), ‖s2‖Lβ(Ω)}
)−a
.
Lemma 2.3 (cf. [26]). For all y, y′ ∈ Rd. There exist a positive constant C depending on
polynomial g, the spatial dimension d and domain Ω such that
|K(|y′|)y′ −K(|y|)y| ≤ C|y′ − y|. (2.10)
Next we derive trace estimates suitable to our nonlinear problem.
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Lemma 2.4. (i) Let q ≥ 2. Assume v(x) is a function defined on Ω. If |v|q−1 ∈ W 1,1(Ω)
then for all ε > 0,∫
Γ
|v|q−1dσ ≤ C ‖v‖q−1Lq(Ω) + ε
∫
Ω
|v|q−2|∇v|βdx+ Cε− 1β−1 ‖v‖q−2Lq(Ω) . (2.11)
(ii) If u ∈ L∞(Γ) and |v| ∈ W 1,1(Ω) then for all ε > 0,
|〈u, v〉| ≤ ε
(
‖v‖2 + ‖∇v‖βLβ(Ω)
)
+ C
(
ε−1 ‖u‖2L∞(Γ) + ε−
1
β−1 ‖u‖λL∞(Γ)
)
. (2.12)
In particular case,
|〈u, v〉| ≤ 1
4
(
‖v‖2 + ‖∇v‖βLβ(Ω)
)
+ C
(
1 + ‖u‖λL∞(Γ)
)
. (2.13)
Above, C is a positive constant independent of u, v, ε.
Proof. We recall the trace theorem∫
Γ
|φ|dx ≤ C
∫
Ω
|φ|dx+ C
∫
Ω
|∇φ|dx,
for all φ ∈ W 1,1(Ω), where C are positive constants depending on Ω. Applying the Trace
theorem to φ = |v|q−1 shows that∫
Γ
|v|q−1dσ ≤ C
∫
Ω
|v|q−1dx+ C
∫
Ω
|v|q−2|∇v|dx. (2.14)
Note that 1β +
1
λ = 1 and
λ
β =
1
β−1 . Using Young’s inequality with exponent β and λ, we find
that for ε > 0
|v|q−2|∇v| = ε 1β |ρh|
q−2
β |∇v| · ε− 1β |v| q−2λ
≤ ε|v|q−2|∇v|β + Cε− 1β−1 |v|q−2.
(2.15)
Combining (2.14), (2.15) we obtain∫
Γ
|v|q−1dσ ≤ C
∫
Ω
|v|q−1dx+ ε
∫
Ω
|v|q−2|∇v|βdx+ Cε− 1β−1
∫
Ω
|v|q−2dx. (2.16)
Inequality (2.11) follows by using Ho¨lder’s inequality to the first term of the right hand
side in (2.16).
(ii) We have
|〈u, v〉| ≤ ‖u‖L∞(Γ)
∫
Γ
|v|dσ. (2.17)
For all δ > 0, using (2.16) with q = 2 gives,∫
Γ
|v|dσ ≤ C
∫
Ω
|v|dx+ δ ‖∇v‖βLβ + Cδ−
1
β−1 .
Applying Young’s inequality leads to∫
Γ
|v|dσ ≤ δ ‖v‖2 + Cδ−1 + δ ‖∇v‖βLβ + Cδ−
1
β−1 ,
which gives
|〈u, v〉| ≤ ‖u‖L∞(Γ)
(
δ ‖v‖2 + Cδ−1 + δ ‖∇v‖βLβ + Cδ−
1
β−1
)
.
If ‖u‖L∞(Γ) = 0 then (2.12) clearly holds true.
Otherwise, selecting δ = ε ‖u‖−1L∞(Γ) and the fact that 1β−1 + 1 = λ we obtain estimate
(2.12).
Estimate (2.13) follows by choosing ε = 1/4 in (2.12) and using Young’s inequality.
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3. The Galerkin finite element method. Our aim is to study equation (1.15) for
density of slightly compressible fluids in bounded domain in porous media. The fluid flows are
subject to some conditions on the boundary.
We consider the initial boundary value problem associated with (1.15) ,


ρt −∇ · (K(|∇ρ|)∇ρ) = f in Ω× I,
ρ(x, 0) = ρ0(x) in Ω,
K(|∇ρ|)∇ρ · ν + ψ = 0 on Γ× I,
(3.1)
where ρ0(x) and ψ(x, t) are given initial and boundary data, respectively.
The variational formulation of (3.1) is defined as the following:
Find ρ : [0, T ]→W ≡ H1(Ω) such that
(ρt, w) + (K(|∇ρ|)∇ρ,∇w) = −〈ψ,w〉+ (f, w), w ∈W (3.2)
with ρ(x, 0) = ρ0(x).
Let {Th}h be a family of quasi-uniform triangulations of Ω with h being the maximum
diameter of the element. Let Wh the space of discontinuous piecewise polynomials of degree
r ≥ 0 over Th. It is frequently valuable to decompose the analysis of the convergence of finite
element methods by passing through a projection of the solution of the differential problem
into the finite element space. Here we use the standard L2-projection operator (see [6]) pi :
W →Wh, satisfying
(piw, vh) = (w, vh), ∀w ∈W, vh ∈Wh.
These projections have well-known approximation properties (see [5, 25]).
(i) ‖piw‖ ≤ ‖w‖ holds for all w ∈ L2(Ω).
(ii) There exist positive constants C1, C2 such that
‖piw − w‖Lq(Ω) ≤ C1hm ‖w‖Wm,q(Ω) (3.3)
for all w ∈ Wm,q(Ω), 0 ≤ m ≤ r + 1, 1 ≤ q ≤ ∞. Notation ‖·‖m,q denotes a standard norm in
Sobolev space Wm,q(Ω). In short hand, when q = 2 we write (3.3) as
‖piw − w‖ ≤ C1hm ‖w‖m and ‖piw − w‖L∞(Ω) ≤ C2hm ‖w‖m+1 .
Replacing the original density by its approximation, the semidiscrete formulation of (3.2)
can read as following: Find ρh : [0, T ]→Wh such that
(ρh,t, wh) + (K(|∇ρh|)∇ρh,∇wh) = −〈ψ,wh〉+ (f, wh), wh ∈ Wh (3.4)
with initial data ρ0h = piρ
0(x).
Let N be the positive integer, t0 = 0 < t1 < . . . < tN = T be partition interval [0, T ]
of N sub-intervals, and let ∆t = tn − tn−1 = T/N be the n-th time step size, tn = n∆t and
ϕn = ϕ(·, tn). The discrete time Galerkin finite element approximation to (3.2) is defined as
follows:
Find ρnh ∈ Wh, n = 1, 2, . . . , N , such that
(ρnh − ρn−1h
∆t
, wh
)
+
(
K(|∇ρnh|)∇ρnh,∇wh
)
= −〈ψn, wh〉+ (fn, wh), ∀wh ∈ Wh, (3.5)
with initial data are chosen as follows: ρ0h(x) = piρ
0(x).
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4. A priori estimate for solutions. We study the (3.2), (3.4) and (3.5) equations for
the density with fixed the functions g(s) in (1.7) and (1.8). Therefore, the exponents αi and
coefficients ai are all fixed, and so are the function K(ξ), H(ξ) in (1.12), (2.6).
With properties (2.3), (2.4), (2.5), the monotonicity (2.8), and by classical theory of
monotone operators [28,33,38], the authors in [19] proved the global existence and uniqueness
of weak solution of equation (3.2). Moreover ρ ∈ C(0, T, Lq(Ω)) ∩ Lβloc(0, T,W 1,β(Ω)), q ≥ 1
and ρt ∈ Lβ
′
loc
(
0, T, (W 1,β(Ω))′
) ∩ L2loc(0, T, L2(Ω)) provided the initial, boundary data and
f sufficiently smooth. For a priori estimate, we assume throughout this paper that ψ, ψt
belong to C([0, T ], L∞(Γ)), ρ0 ∈ L∞(Ω) and f ∈ C([0, T ], L∞(Ω)) and the weak solution are
sufficiently regularities both in x and t variables such that our calculations can be performed
legitimately.
The local existence of of approximate solution of (3.4) follows from Peano’s theorem. The
global existence of ρh relies on the known theory of ordinary differential equation and stability
estimate which shows as follows.
Theorem 4.1. Let q ≥ 2 and ρh be a solution of (3.4). Then there exist positive constant
C such that
‖ρh‖L∞(I,Lq(Ω)) ≤ C
∥∥ρ0∥∥
Lq(Ω)
+ C
[∫ T
0
(
1 + ‖ψ‖
qλ
2
L∞(Γ) + ‖f‖qLq(Ω)
)
dt
] 1
q
. (4.1)
Proof. Selecting wh = |ρh|q−1sign(ρh) in (3.4), we obtain
1
q
d
dt
‖ρh‖qLq = −(q − 1)
(
K(|∇ρh|)|∇ρh|2, |ρh|q−2
)
− 〈ψ, |ρh|q−1sign(ρh)〉+ (f, |ρh|q−1sign(ρh)) . (4.2)
It follows from (2.4) and Ho¨lder’s inequality that
−(q − 1) (K(|∇ρh|)|∇ρh|2, |ρh|q−2) ≤ −c0
∫
Ω
(|∇ρh|β − 1)|ρh|q−2dx
= −c0
∫
Ω
|∇ρh|β |ρh|q−2dx+ c0
∫
Ω
|ρh|q−2dx
≤ −c0
∫
Ω
|∇ρh|β |ρh|q−2dx+ C ‖ρh‖q−2Lq ,
(4.3)
where c0 = c3(q − 1).
According to (2.11) in Lemma 2.4,
∣∣− 〈ψ, |ρh|q−1sign(ρh)〉∣∣ ≤ ‖ψ‖L∞(Γ)
∫
Γ
|ρh|q−1dσ
≤ C ‖ψ‖L∞(Γ)
{
‖ρh‖q−1Lq + ε
∫
Ω
|ρh|q−2|∇ρh|βdx+ ε−
1
β−1 ‖ρh‖q−2Lq
}
. (4.4)
Using Young’s inequalities with exponent q/(q − 1) and q, we obtain(
f, |ρh|q−1sign(ρh)
) ≤ C ‖ρh‖q−1Lq + C ‖f‖qLq . (4.5)
Combining (4.3), (4.4), (4.5) and (4.2) gives
1
q
d
dt
‖ρh‖qLq ≤ −c0
∫
Ω
|∇ρh|β |ρh|q−2dx+ C ‖ρh‖q−2Lq
+ C ‖ψ‖L∞(Γ)
{
‖ρh‖q−1Lq + ε
∫
Ω
|ρh|q−2|∇ρh|βdx+ ε−
1
β−1 ‖ρh‖q−2Lq
}
+ C ‖ρh‖q−1Lq + C ‖f‖qLq . (4.6)
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The case ‖ψ(t)‖L∞(Γ) = 0, by the means of Young’s inequality in (4.6) we obtain
d
dt
‖ρh‖qLq + qc0
∫
Ω
|∇ρh|β |ρh|q−2dx ≤ C ‖ρh‖qLq + C(1 + ‖f‖qLq ). (4.7)
Applying Gronwall’s inequality to above differential inequality implies that.
‖ρh‖qL∞(I,Lq(Ω)) + qc0
∫ t
0
∫
Ω
eC(t−τ)|∇ρh|β |ρh|q−2dxdτ
≤ C
∥∥ρ0h∥∥qLq(Ω) + C
∫ T
0
(
1 + ‖f‖qLq(Ω)
)
dt.
(4.8)
Consider ‖ψ(t)‖L∞(Γ) 6= 0. Selecting ε = c02C ‖ψ‖−1L∞(Γ) in (4.6), we obtain
d
dt
‖ρh‖qLq ≤ −
qc0
2
∫
Ω
|∇ρh|β |ρh|q−2dx+ C ‖ρh‖q−2Lq
+ C ‖ψ‖L∞(Γ)
{
‖ρh‖q−1Lq + ‖ψ‖
1
β−1
L∞(Γ) ‖ρh‖q−2Lq
}
+ C ‖ρh‖q−1Lq + C ‖f‖qLq .
(4.9)
By Young’s inequality,
d
dt
‖ρh‖qLq +
qc0
2
∫
Ω
|∇ρh|β|ρh|q−2dx
≤ C ‖ρh‖qLq + C
(
1 + ‖ψ‖qL∞(Γ) + ‖ψ‖
qβ
2(β−1)
L∞(Γ) + ‖f‖qLq
)
≤ C ‖ρh‖qLq + C
(
1 + ‖ψ‖
qβ
2(β−1)
L∞(Γ) + ‖f‖qLq
)
.
(4.10)
Solving this differential inequality shows that,
‖ρh‖qLq +
qc0
2
∫ t
0
∫
Ω
eC(t−τ)|∇ρh|β|ρh|q−2dxdτ
≤
∥∥ρ0h∥∥qLq + C
∫ t
0
(
1 + ‖ψ‖
qβ
2(β−1)
L∞(Γ) + ‖f‖qLq
)
dτ.
(4.11)
It is easy to see that in both above cases
‖ρh‖qLq ≤
∥∥ρ0h∥∥qLq + C
∫ t
0
(
1 + ‖ψ‖
qβ
2(β−1)
L∞(Γ) + ‖f‖qLq
)
dτ.
Using inequality (a+ b)1/q ≤ 21/q(a1/q + b1/q) with
a =
∥∥ρ0h∥∥qLq and b =
∫ t
0
(
1 + ‖ψ‖
qβ
2(β−1)
L∞(Γ) + ‖f‖qLq
)
dτ,
we obtain
‖ρh‖L∞(I,Lq(Ω)) ≤ C
∥∥ρ0h∥∥Lq(Ω) + C
[∫ T
0
(
1 + ‖ψ‖
qλ
2
L∞(Γ) + ‖f‖qLq(Ω)
)
dt
] 1
q
. (4.12)
Note that ∥∥ρ0h∥∥ = ∥∥piρ0∥∥ ≤ ∥∥ρ0∥∥ . (4.13)
Thus inequality (4.1) holds. We finish the proof.
Next we give estimates in L2-norm following directly from (4.11) and (4.13) with q = 2.
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Lemma 4.2. Under assumption of Theorem 4.1. There exist a positive constant C such
that
‖ρh‖L∞(I,L2(Ω)) + ‖∇ρh‖
β
2
Lβ(I,Lβ(Ω))
≤ C ∥∥ρ0∥∥+ C
[∫ T
0
(
1 + ‖ψ(t)‖λL∞(Γ) + ‖f(t)‖2
)
dt
] 1
2
.
(4.14)
Since the equation (3.4) can interpret as the finite system of ordinary differential equations
in the coefficients of ρh with respect to basis of Wh. The stability estimate (4.12) suffices to
establish existence of ρh(t) for all t ∈ I.
For the uniqueness of approximation solution, assume that for i = 1, 2, ρ
(i)
h ∈ Wh is the
solution of (3.4). Let ρh = ρ
(1)
h − ρ(2)h then
(ρh,t, wh) + (K(|∇ρ(1)h |)∇ρ(1)h −K(|∇ρ(2)h |)∇ρ(2)h ,∇wh) = 0.
Choose wh = ρh, implies
1
2
d
dt
‖ρh‖2 +
(
K(|∇ρ(1)h |)∇ρ(1)h −K(|∇ρ(2)h |)∇ρ(2)h ,∇ρ(1)h −∇ρ(2)h
)
= 0.
According to (2.9) we find that
(
K(|∇ρ(1)h |)∇ρ(1)h −K(|∇ρ(2)h |)∇ρ(2)h ,∇ρ(1)h −∇ρ(2)h
)
≥ C
[
1 + max{‖∇ρ(1)h ‖Lβ , ‖∇ρ(2)h ‖Lβ}
]−a
‖∇ρh‖2Lβ .
Hence
1
2
d
dt
‖ρh‖2 + C
[
1 + max{‖∇ρ(1)h ‖Lβ , ‖∇ρ(2)h ‖Lβ}
]−a
‖∇ρh‖2Lβ ≤ 0.
Integrating in time from 0 to t we have
‖ρh‖2 + C
∫ t
0
[
(1 + max{‖∇ρ(1)h ‖Lβ , ‖∇ρ(2)h ‖Lβ}
]−a
‖∇ρh‖2Lβ dt ≤ ‖ρh(0)‖2 = 0.
Thus
ρh = 0, ∇ρh = 0 ∀(x, t) ∈ Ω× I.
Next, we find estimates for ∇ρh. We define
g(t) = 1 + ‖ψ(t)‖λL∞(Γ) , h(t) = 1 + ‖ψt(t)‖λL∞(Γ) , k(t) = g(t) + ‖f(t)‖2 . (4.15)
Theorem 4.3. Let ρh be a solution to the problem (3.4). Then there exist constant positive
constant C satisfying
‖ρh,t‖2L2(I,L2(Ω)) + ‖∇ρh‖βLβ(I,Lβ(Ω)) + ‖∇ρh‖βL∞(I,Lβ(Ω)) + ‖ρh‖2L∞(I,L2(Ω)) ≤ CM. (4.16)
where
M = max
t∈[0,T ]
g(t) +
∫ T
0
[h(t) + k(t)]dt+
∫ T
0
∫ t
0
k(τ)dτdt
+
∥∥ρ0∥∥2 + ∥∥∇ρ0∥∥β
Lβ(Ω)
+
∥∥ψ0∥∥
L2(Γ)
∥∥ρ0∥∥
L2(Γ)
.
(4.17)
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Proof. Choosing wh = ρh,t in (3.4) leads to
‖ρh,t‖2 + 1
2
d
dt
∫
Ω
H(x, t)dx = −〈ψ, ρh,t〉+ (f, ρh,t)
= − d
dt
〈ψ, ρh〉+ 〈ψt, ρh〉+ (f, ρh,t).
(4.18)
where H(x, t) = H(|∇ρh(x, t)|) is defined in (2.6).
With q = 2 then from (4.10),
d
dt
‖ρh‖2 + c0 ‖∇ρh‖βLβ ≤ C ‖ρh‖2 + C
(
1 + ‖ψ‖λL∞(Γ) + ‖f‖2
)
. (4.19)
Let
E(t) =
∫
Ω
H(x, t)dx + ‖ρh‖2 + 2 〈ψ, ρh〉 .
Adding two inequalities (4.18) and (4.19) gives
‖ρh,t‖2 + c0 ‖∇ρh‖βLβ +
1
2
d
dt
E(t) ≤ 〈ψt, ρh〉+ (f, ρh,t) + C ‖ρh‖2 + Ck(t).
Using (2.13) and Cauchy’s inequality then
‖ρh,t‖2 + c0 ‖∇ρh‖βLβ +
1
2
d
dt
E(t) ≤ 1
2
(
‖ρh‖2 + ‖∇ρh‖βLβ
)
+ C
(
1 + ‖ψt‖
λ
L∞(Γ)
)
+
1
2
‖f‖2 + 1
2
‖ρh,t‖2 + C ‖ρh‖2 + Ck(t).
Absorbing ‖f‖2 to k(t), integrating in time, we obtain∫ T
0
‖ρh,t‖2 dt+ c0
∫ T
0
‖∇ρh‖βLβ dt+
∫
Ω
H(x, t)dx + ‖ρh‖2 ≤ −2〈ψ, ρh〉
+ C
∫ T
0
‖ρh‖2 dt+ C
∫ T
0
[h(t) + k(t)] dt+ E(0).
(4.20)
Applying (2.12) to the first term of the left hand side in (4.20) and using the fact in (2.7) that
c3(|∇ρh|β − 1) ≤ H(x, t) ≤ 2c2|∇ρh|β , we have∫ T
0
‖ρh,t‖2 dt+ c0
∫ T
0
‖∇ρh‖βLβ dt+ c3 ‖∇ρh‖βLβ + ‖ρh‖2
≤ 2ε
(
‖ρh‖2 + ‖∇ρh‖βLβ
)
+ C
(
ε−1 ‖ψ‖L∞(Γ) + ε−
1
β−1 ‖ψ‖λL∞(Γ)
)
+ C
∫ T
0
‖ρh‖2 dt+ C
∫ T
0
[h(t) + k(t)] dt+ E(0).
(4.21)
Thus by taking ε = min{c3, 1}/4, and using Young’s inequality,∫ T
0
‖ρh,t‖2 dt+ c0
∫ T
0
‖∇ρh‖βLβ dt+
c3
2
‖∇ρh‖βLβ +
1
2
‖ρh‖2 ≤ Cg(t)
+ C
∫ T
0
‖ρh‖2 dt+ C
∫ T
0
[h(t) + k(t)] dt+ E(0).
(4.22)
Note from (4.11) with q = 2 that∫ T
0
‖ρh‖2 dt ≤ C
(
T ‖ρh(0)‖2 +
∫ T
0
∫ t
0
k(τ)dτdt
)
≤ C
(
T
∥∥ρ0∥∥2 + ∫ T
0
∫ t
0
k(τ)dτdt
)
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and from (2.7), (2.4) that
E(0) ≤ C
(∥∥ρ0h∥∥2 + ∥∥∇ρ0h∥∥βLβ(Ω) + ‖ψ(0)‖L2(Γ) ∥∥ρ0h∥∥L2(Γ)
)
≤ C
(∥∥ρ0∥∥2 + ∥∥∇ρ0∥∥β
Lβ(Ω)
+ ‖ψ(0)‖L2(Γ)
∥∥ρ0∥∥
L2(Γ)
)
.
The left hand side of (4.22) is bounded by CM which implies (4.16).
Now we prove that the time derivative of density is also bounded.
Theorem 4.4. Let 0 < t0 < T, ρh be a solution to the semidiscrete problem (3.4). Then
there exist constant positive constant C such that
‖ρh,t‖2L∞(I,L2(Ω)) ≤ Ct−10 M+ CM + C
∫ T
0
h(t)
(
1 + ‖ft(t)‖2
)
dt. (4.23)
where M and h(t) are defined in (4.17) and (4.15) respectively.
Proof. Differentiating (3.4) with respect t yields that
(ρh,tt, wh) + (K(|∇ρh|)∇ρh,t,∇wh)
= −
(
K ′(|∇ρh|)∇ρh · ∇ρh,t|∇ρh| ∇ρh,∇wh
)
− 〈ψt, wh〉+ (ft, wh) .
Choosing wh = ρh,t, we obtain
1
2
d
dt
‖ρh,t‖2 +
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2
= −
(
K ′(|∇ρh|)∇ρh · ∇ρh,t|∇ρh| ∇ρh,∇ρh,t
)
+ (ft, ρh,t)− 〈ψt, ρh,t〉 .
Using (2.5), ∣∣∣∣−
(
K ′(|∇ρh|)∇ρh · ∇ρh,t|∇ρh| ∇ρh,∇ρh,t
)∣∣∣∣ ≤ a
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 . (4.24)
Thus
1
2
d
dt
‖ρh,t‖2 + (1− a) ‖K(|∇ρh|)∇ρh,t‖2 ≤ (ft, ρh,t)− 〈ψt, ρh,t〉 . (4.25)
In virtue of Cauchy’s inequality, for all ε > 0
(ft, ρh,t) ≤ ε ‖ρh,t‖2 + Cε−1 ‖ft‖2 . (4.26)
Using Trace Theorem we obtain,
|〈ψt, ρh,t〉| ≤ ‖ψt‖L∞(Γ) [(|ρh,t|, 1) + (|∇ρh,t|, 1)] . (4.27)
Again Cauchy’s inequality gives that for all ε, ε1 > 0
(|ρh,t|, 1) ≤ ε ‖ρh,t‖2 + Cε−1, (4.28)
and
(|∇ρh,t|, 1) ≤ ε1(K(|∇ρh|)|∇ρh,t|2, 1) + Cε−11 (K−1(|∇ρh|, 1).
By using (2.3) and (1 + x)a ≤ 1 + xa, x ≥ 0 imply
(|∇ρh,t|, 1) ≤ ε1
(
K(|∇ρh|)|∇ρh,t|2, 1
)
+ Cε−11 (1 + |∇ρh|a, 1)
≤ ε1
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 + Cε−11 (1 + ‖∇ρh‖aLβ ). (4.29)
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Combining (4.27), (4.28) and (4.29) shows that
|〈ψt, ρh,t〉| ≤ ‖ψt‖L∞(Γ)
{
ε ‖ρh,t‖2 + Cε−1
+ ε1
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 + Cε−11 (1 + ‖∇ρh‖aLβ )}. (4.30)
It follows from (4.25), (4.26) and (4.30) that
1
2
d
dt
‖ρh,t‖2 + (1 − a)
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 ≤ ‖ψt‖L∞(Γ) {ε ‖ρh,t‖2 + Cε−1
+ ε1
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 + Cε−11 (1 + ‖∇ρh‖aLβ )}+ ε ‖ρh,t‖2 + Cε−1 ‖ft‖2 .
(4.31)
If ‖ψt(t)‖L∞(Γ) = 0 then
1
2
d
dt
‖ρh,t‖2 + (1− a)
∥∥∥K1/2(|∇ρh|)∇ρh,t∥∥∥2 ≤ ε ‖ρh,t‖2 + Cε−1 ‖ft‖2 .
Dropping the second term of the left hand side in above estimate, selecting ε = 1/2 and,
for 0 < t′ ≤ t0 < t ≤ T integrating from t′ to t give
‖ρh,t(t)‖2 dτ ≤ ‖ρh,t(t′)‖2 +
∫ t
t′
‖ρh,t‖2 dτ + C
∫ t
t′
‖ft‖2 dτ
≤ ‖ρh,t(t′)‖2 +
∫ t
0
‖ρh,t‖2 dτ + C
∫ t
0
‖ft‖2 dτ.
(4.32)
Now integrating in t′ from 0 to t0,
t0 ‖ρh,t(t)‖2 dτ ≤
∫ t0
0
‖ρh,t(t′)‖2 + t0
( ∫ t
0
‖ρh,t‖2 dτ + C
∫ t
0
‖ft‖2 dτ
)
. (4.33)
Using (4.16), we find that
t0 ‖ρh,t(t)‖2 dτ ≤M+ Ct0
(
M+
∫ t
0
‖ft‖2 dτ
)
, (4.34)
which holds (4.23).
Consider ‖ψt‖L∞(Γ) 6= 0. Selecting ε1 = 1−a2 ‖ψt‖
−1
L∞(Γ) and ε =
1
2 (‖ψt‖L∞(Γ) + 1)−1 in
(4.31) yields
d
dt
‖ρh,t‖2 + (1 − a) ‖K(|∇ρh|)∇ρh,t‖2 ≤ ‖ρh,t‖2 + C ‖ψt‖2L∞(Γ) ‖∇ρh‖aLβ
+ C
(
‖ψt‖L∞(Γ) + 1
)(
‖ψt‖L∞(Γ) + ‖ft‖2
)
+ C ‖ψt‖2L∞(Γ)
≤ ‖ρh,t‖2 + ‖∇ρh‖βLβ + CZ(t),
where
Z(t) =
(
‖ψt‖L∞(Γ) + 1
)(
‖ψt‖L∞(Γ) + ‖ft‖2
)
+ ‖ψt‖2L∞(Γ) + ‖ψt‖λL∞(Γ) .
For t ≥ t0 ≥ t′ > 0. Ignoring the the nonnegative term in the left hand side of above
inequality, integrating from t′ to t and then integrating in t′ from 0 to t0, we find that
t0 ‖ρh,t‖2 ≤
∫ t0
0
‖ρh,t(t′)‖2 dt′ + t0
∫ t
0
[
‖ρh,t‖2 + ‖∇ρh‖βLβ
]
dτ + Ct0
∫ t
0
Z(τ)dτ.
By virtue of (4.16),∫ t
0
[
‖ρh,t‖2 + ‖∇ρh‖βLβ
]
dt ≤ CM,
∫ t0
0
‖ρh,t(t′)‖2 dt′ ≤ CM.
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Therefore
t0 ‖ρh,t‖2 ≤ CM+ CMt0 + Ct0
∫ t
0
Z(τ)dτ. (4.35)
We estimate Z-term by
Z(t) ≤
(
‖ψt‖L∞(Γ) + 1
)
‖ft‖2 + C
(
1 + ‖ψt‖λL∞(Γ)
)
≤ C
(
1 + ‖ψt‖λL∞(Γ)
)(
1 + ‖ft‖2
)
.
(4.36)
The inequality (4.23) follows from (4.35) and (4.36). The proof is complete.
The following results can be proved by following the ideas of the proof of Theorem 4.1, 4.3
and 4.4.
Theorem 4.5. Let 0 < t0 < T, and q ≥ 2, ρ be a solution to problem (3.2). Then there
exist constant positive constant C such that
‖ρ‖L∞(I,Lq(Ω)) ≤ C
∥∥ρ0∥∥
Lq(Ω)
+ C
( ∫ T
0
[
1 + ‖ψ‖
qλ
2
L∞(Γ) + ‖f(t)‖qLq(Ω)
]
dt
) 1
q
, (4.37)
‖ρt‖2L2(I,L2(Ω)) + ‖∇ρ‖βLβ(I,Lβ(Ω)) + ‖∇ρ‖βL∞(I,Lβ(Ω)) + ‖ρh‖2L∞(I,L2(Ω)) ≤ CM, (4.38)
‖ρt‖2L∞(I,L2(Ω)) ≤ Ct−10 M+ CM+ C
∫ T
0
h(t)
(
1 + ‖ft(t)‖2
)
dt, (4.39)
where h and M are defined as in (4.15) and (4.17).
5. Error estimates. In this section we will establish the error estimates between analytical
solution and approximation solution in several norms.
5.1. Error estimate for continuous Galerkin method. We will find the error bounds
in the semidiscrete method by comparing the computed solution to the projections of the true
solutions. To do this, we restrict the test functions in (3.2) to the finite dimensional spaces.
Let
χ = ρ− ρh = (ρ− piρ)− (ρh − piρ) def=== ϑ− θh. (5.1)
Theorem 5.1. Let ρ, ρh be two solution to problems (3.2) and (3.4) respectively. Assume
that ρ ∈ L∞(I,Hr(Ω) ∩W r,β(Ω)), ρt ∈ L2(I,Hr(Ω)). Then there exist positive constants C
independence of h such that
‖ρ− ρh‖L∞(I,L2(Ω)) +M−
γ
2 ‖∇(ρ− ρh)‖L2(I,Lβ(Ω)) ≤ Chr ‖ρ‖L∞(I,Hr(Ω))
+ CM 12βλh r−12 ‖ρ‖
1
2
L1(I,W r,β(Ω))
+ CT
1
2hr ‖ρt‖L2(I,Hr(Ω)) ,
(5.2)
where M is defined as in (4.17).
Proof. Subtracting (3.4) from (3.2) we obtain the error equation
(ρt − ρh,t, wh) + (K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇wh) = 0, wh ∈Wh. (5.3)
Choosing wh = θh in (5.3) gives
1
2
d
dt
‖θh‖2 + (K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ρ−∇ρh)
= (ϑt, θh) + (K(|∇ρ|)∇ρ −K(|∇ρh|)∇ρh,∇ϑ).
(5.4)
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By the monotonicity of K(·) in (2.9), there is a positive constant C0 independence of h and t
satisfying
(K(|∇ρ|)∇ρ −K(|∇ρh|)∇ρh,∇ρ−∇ρh) ≥ C0ω(t) ‖∇χ‖2Lβ .
where ω(t) = (1 + ‖∇ρ‖Lβ + ‖∇ρh‖Lβ )−a .
Observing from (4.16) that there is a positive constant C1 independence of h and t such
that
ω−1(t) = (1 + ‖∇ρ‖Lβ + ‖∇ρh‖Lβ )βγ
≤ 2β
(
1 + ‖∇ρ‖βLβ + ‖∇ρh‖βLβ
)γ
≤ C1Mγ .
(5.5)
Thus
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ρ−∇ρh) ≥ C0
C1
M−γ ‖∇χ‖2Lβ . (5.6)
By Cauchy’s inequality, for ε0 > 0
(ϑt, θh) ≤ Cε−10 ‖ϑt‖2 + ε0 ‖θh‖2 , (5.7)
Using (2.4), Ho¨lder inequality and then (4.16) we obtain
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ϑ) ≤ C(|∇ρ|β−1 + |∇ρh|β−1, |∇ϑ|)
≤ C(‖∇ρ‖ 1λ
Lβ
+ ‖∇ρh‖
1
λ
Lβ
) ‖∇ϑ‖Lβ
≤ C(‖∇ρ‖Lβ + ‖∇ρh‖Lβ)
1
λ ‖∇ϑ‖Lβ
≤ CM 1βλ ‖∇ϑ‖Lβ .
(5.8)
We obtain from (5.4), (5.6), (5.7) and (5.8) that
1
2
d
dt
‖θh‖2 + C0
C1
M−γ ‖∇χ‖2Lβ ≤ CM
1
βλ ‖∇ϑ‖Lβ + Cε−10 ‖ϑt‖2 + ε0 ‖θh‖2 .
Integrating in time from 0 to T and then taking sup-norm in time of resultant show that
‖θh‖2L∞(I,L2) +M−γ
∫ T
0
‖∇χ‖2Lβ dt ≤ CM
1
βλ
∫ T
0
‖∇ϑ‖Lβ dt+ Cε−10
∫ T
0
‖ϑt‖2 dt+ ε0T ‖θh‖2L∞(I,L2) .
Selecting ε0 =
1
2T , we find that
‖θh‖2L∞(I,L2) +M−γ
∫ T
0
‖∇χ‖2Lβ dt ≤ CM
1
βλ
∫ T
0
‖∇ϑ‖Lβ dt+ CT
∫ T
0
‖ϑt‖2 dt. (5.9)
It follows directly from (5.9) that
‖θh‖L∞(I,L2) +M−
γ
2 ‖∇χ‖L2(I,Lβ) ≤ CM
1
2βλ ‖∇ϑ‖
1
2
L1(I,Lβ)
+ CT
1
2 ‖ϑt‖L2(I,L2)
≤ CM 12βλh r−12 ‖ρ‖
1
2
L1(I,W r,β)
+ CT
1
2hr ‖ρt‖L2(I,Hr) .
(5.10)
By triangle inequality,
‖χ‖L∞(I,L2) ≤ ‖ϑ‖L∞(I,L2) + ‖θh‖L∞(I,L2) .
This and (5.10) imply (5.2). Thus the proof is complete.
Now we give the error estimate in Lq-norm for any q > 2.
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Theorem 5.2. Let q ∈ (2,∞), ρ solve the problem (3.2) and ρh solve the semidiscrete
problem (3.4) . Assume that ρ ∈ L∞(I,W r,q(Ω) ∩ W r,2q(Ω)), ∇ρ ∈ L2q(I, L2q(Ω)) , ρt ∈
Lq(I,W r,q(Ω)). Then there exist constant positive constant C independence of h and T such
that
‖ρ− ρh‖L∞(I,Lq(Ω)) ≤ ‖ρ− piρ‖L∞(I,Lq(Ω)) + CT 1−
1
q ‖(ρ− piρ)t‖Lq(I,Lq(Ω))
+ CA 1q T 12− 1q ‖∇(ρ− piρ)‖L2q(I,L2q(Ω)) ,
(5.11)
where
A =
(∫ T
0
[
1 + ‖∇ρ‖aqLaq(Ω) + ‖∇ρh‖aqLaq(Ω)
]
dt
) 1
2
. (5.12)
Consequently,
‖ρ− ρh‖L∞(I,Lq(Ω)) ≤ Chr ‖ρ‖L∞(I,W r,q(Ω)) + CT 1−
1
q hr ‖ρt‖Lq(I,W r,q(Ω))
+ CA 1q T 12− 1q hr−1 ‖ρ‖L2q(I,W r,2q(Ω)) .
(5.13)
Proof. Choosing wh = |θh|q−1signθh in (5.3) we have
(ϑt − θh,t, |θh|q−1signθh) + (q − 1)(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2∇θh) = 0.
We rewrite as form
(θh,t, |θh|q−1signθh) + (q − 1)(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2(∇ρ−∇ρh))
= (ϑt, |θh|q−1signθh) + (q − 1)(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2∇ϑ).
The monotonicity of K(·) in (2.8) provides
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2(∇ρ−∇ρh)) ≥ (β − 1)(K(ξ)|∇χ|2, |θh|q−2), (5.14)
where ξ = max{|∇ρ|, |∇ρh|}. Hence
1
q
d
dt
‖θh‖qLq + (q − 1)(β − 1)(K(ξ)|∇χ|2, |θh|q−2)
≤ (ϑt, |θh|q−1signθh) + (q − 1)(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2∇ϑ).
Using Young’s inequality with exponents q and qq−1 ,
(ϑt, |θh|q−1signθh) ≤ q−1
(
q
q − 1
)1−q
ε1−q ‖ϑt‖qLq + ε ‖θh‖qLq . (5.15)
Using (2.10), Ho¨lder’s inequality and Young’s inequality we obtain, for ε, ε0 > 0,
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh, |θh|q−2∇ϑ) ≤ C(|∇χ|, |θh|q−2|∇ϑ|)
≤ ε0(K(ξ)|∇χ|2, |θh|q−2) + Cε−10 (K−1(ξ)|∇ϑ|2, |θh|q−2)
≤ ε0(K(ξ)|∇χ|2, |θh|q−2) + ε ‖θh‖qLq + Cε
− q2
0 ε
− q−22
∥∥∥K− 12 (ξ)∇ϑ∥∥∥q
Lq
.
(5.16)
From (5.15), (5.16) with ε0 = (q − 1)(β − 1)/2, we find that
1
q
d
dt
‖θh‖qLq +
(q − 1)(β − 1)
2
(K(ξ)|∇χ|2, |θh|q−2)
≤ Cε1−q ‖ϑt‖qLq + 2ε ‖θh‖qLq + Cε−
q−2
2
∥∥∥K− 12 (ξ)∇ϑ∥∥∥q
Lq
. (5.17)
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Integrating in time from 0 to T ,
1
q
‖θh‖qL∞(I,Lq) +
(q − 1)(β − 1)
2
∫ T
0
(K(ξ)|∇χ|2, |θh|q−2)dt
≤ 2εT ‖θh‖qL∞(I,Lq) + Cε1−q
∫ T
0
‖ϑt‖qLq dt+ Cε−
q−2
2
∫ T
0
∥∥∥K− 12 (ξ)∇ϑ∥∥∥q
Lq
dt.
Choosing ε = 14qT , using (2.3) we find that
‖θh‖qL∞(I,Lq) +
∫ T
0
(K(ξ)|∇χ|2, |θh|q−2)ds
≤ CT q−1
∫ T
0
‖ϑt‖qLq dt+ CT
q−2
2
∫ T
0
∥∥∥K− 12 (ξ)∇ϑ∥∥∥q
Lq
dt.
Note that ∫ T
0
∥∥∥K− 12 (ξ)∇ϑ∥∥∥q
Lq
dt =
∫
Ω
∫ T
0
K−
q
2 (ξ)|∇ϑ|qdtdx
≤
∫
Ω
( ∫ T
0
K−q(ξ)dt
) 1
2
(∫ T
0
|∇ϑ|2qdt
) 1
2
dx
≤
(∫ T
0
∫
Ω
K−q(ξ)dxdt
) 1
2
( ∫ T
0
∫
Ω
|∇ϑ|2qdxdt
)1/2
≤ C
(∫ T
0
∫
Ω
(1 + ξaq)dxdt
) 1
2 ‖∇ϑ‖qL2q(I,L2q) .
Moreover 1 + ξaq ≤ C(1 + max{|∇ρ|aq, |∇ρh|aq}). Thus
‖θh‖qL∞(I,Lq) +
∫ T
0
(K(ξ)|∇χ|2, |θh|q−2)dt ≤ CT q−1
∫ T
0
‖ϑt‖qLq dt
+ CT
q−2
2
( ∫ T
0
∫
Ω
1 + max{|∇ρ|aq, |∇ρh|aq}dxdt
) 1
2 ‖∇ϑ‖qL2q(I,L2q) .
Dropping the second term of the LHS in above estimate we obtain
‖θh‖L∞(I,Lq) ≤ CT 1−
1
q ‖ϑt‖Lq(I,Lq) + CA
1
q T
1
2− 1q ‖∇ϑ‖L2q(I,L2q) . (5.18)
Inequality (5.11) follows thanks to (5.18) and triangle inequality
‖χ‖L∞(I,Lq) ≤ ‖ϑ‖L∞(I,Lq) + ‖θh‖L∞(I,Lq) .
This finishes the proof.
For the completeness we derive L∞-estimate for ρ− ρh.
Theorem 5.3. Let ρ, ρh be solutions to problems (3.2) and (3.4) respectively. Assume
that ρ ∈ L∞(I,W r,∞(Ω)), ρt ∈ L2(I,W r,q(Ω)). Then there exist constant positive constant C
independence of h such that
‖ρ− ρh‖L∞(I,L∞(Ω)) ≤ Chr ‖ρ‖L∞(I,W r,∞(Ω)) + CT 1−
1
q hr−
d
q ‖ρt‖Lq(I,W r,q(Ω))
+ CA 1q T 12− 1q hr−1−dq ‖ρ‖L2q(I,W r,2q(Ω)) .
(5.19)
Proof. Recall that the quasi-uniform of Th we have the inverse estimate (see [4, 35])
‖θh‖L∞(Ω) ≤ Ch−
d
q ‖θh‖Lq(Ω) .
This and triangle inequality imply that
‖χ‖L∞(I,L∞) ≤ ‖ϑ‖L∞(I,L∞) + ‖θh‖L∞(I,L∞)
≤ Chr ‖ρ‖L∞(I,W r,∞) + Ch−
d
q ‖θh‖L∞(I,Lq) .
Thus inequality (5.19) follows directly from(5.18).
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5.2. Error estimate for gradient. Now we give an error estimate for gradient
Theorem 5.4. Under the assumption of Theorem 5.1. For any 0 < t0 ≤ t ≤ T . There
exist constant positive constants C independence of h such that
‖∇(ρ− ρh)(t)‖Lβ(Ω) ≤ CDM
γ
2 h
r−1
4
{
M 14βλ ‖ρ(t)‖
1
4
L2(I,W r,β(Ω))
+ T
1
4h
r+1
4 ‖ρt(t)‖
1
2
L2(I,Hr(Ω))
}
+ CM 12βλ h r−12 ‖ρ(t)‖
1
2
W r,β(Ω)
.
(5.20)
where the positive constantt M is defined as in (4.17), and
D =
[
(t−10 + 1)M+
∫ T
0
h(t)
(
1 + ‖ft(t)‖2
)
dt
] 1
4
. (5.21)
Proof. Choosing wh = θh in (5.3) we have
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ρ−∇ρh)
= (ρt − ρh,t, θh) + (K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ϑ) . (5.22)
By (2.9) and (5.5), there is a positive constant C0 independence of h such that
(K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ρ−∇ρh) ≥ C0M−γ ‖∇(ρ− ρh)‖2Lβ .
In virtue of triangle inequality, Holder’s inequality we have
(ρt − ρh,t, θh) + (K(|∇ρ|)∇ρ−K(|∇ρh|)∇ρh,∇ϑ)
≤ (|ρt|+ |ρh,t|, |θh|) + C1(|∇ρ|β−1 + |∇ρh|β−1, |∇ϑ|)
≤ (‖ρt‖+ ‖ρh,t‖) ‖θh‖+ C1M
1
βλ ‖∇ϑ‖Lβ
(5.23)
for some positive constant C1 independence of h.
Thus
‖∇(ρ− ρh)‖2Lβ ≤ C−10 Mγ(‖ρt‖+ ‖ρh,t‖) ‖θh‖+ C1C−10 M
1
βλ ‖∇ϑ‖Lβ .
Thanks to (4.23) and (4.39),
‖ρt‖+ ‖ρh,t‖ ≤ 2D2. (5.24)
Hence there is a positive constant C independence of h such that
‖∇(ρ− ρh)‖Lβ ≤ CDM
γ
2 ‖θh‖
1
2 + CM 12βλ ‖∇ϑ‖ 12
Lβ
. (5.25)
Due to (5.10) and the fact that ‖∇ϑ‖Lβ ≤ Chr−1 ‖ρ‖W r,β the left hand side of (5.25) is bounded
by
CDM γ2
[
M 12βλ h r−12 ‖ρ‖
1
2
L2(I,W r,β)
+ T
1
2hr ‖ρt‖L2(I,Hr)
] 1
2
+ Ch
r−1
2 M 12βλ ‖ρ‖
1
2
W r,β
. (5.26)
Thus (5.20) follows from (5.25) and (5.26).
5.3. Error analysis for fully discrete Galerkin method. In analyzing this method,
proceed in a similar fashion as for the semidiscrete method, we derive a error estimate for the
fully discrete time Galerkin approximation the differential equation.
Let ρn(·) = ρ(·, tn), be the true solution evaluated at the discrete time levels. We will also
denote piρn ∈ Wh to be the projections of the true solutions at the discrete time levels. As in
the semidiscrete case, we use χ = ρ−ρh, ϑ = ρ−ρh, θh = ρh−piρ and χn, ϑn, θnh be evaluating
χ, ϑ, θh at the discrete time levels. We also define
∂φn =
φn − φn−1
∆t
.
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We rewrite (3.2) with t = tn. Using the definition of L
2-projection and standard manipulations
show that the true solution satisfies the discrete equation
(∂piρn, wh) + (K(|∇ρn|)∇ρn,∇wh) = (−piρnt + ∂piρn, wh)− 〈ψn, wh〉+ (fn, wh), ∀wh ∈ Wh.
(5.27)
Theorem 5.5. Let ρn solve problem (3.2) and ρnh solve the fully discrete Galerkin finite
element approximation (3.5) for each time step n, n = 1, . . . , N . There exists a positive
constant C independent of h and ∆t such that if the ∆t is sufficiently small then
max
1≤n≤N
‖ρn − ρnh‖ ≤ C
(
h
r−1
2 +
√
∆t
)
. (5.28)
Proof. Subtracting (5.27) from (3.5) gives the error equation
(∂θnh , wh) + (K(|∇ρnh|)∇ρnh −K(|∇ρn|)∇ρn,∇wh) = (piρnt − ∂piρn, wh). (5.29)
Selecting wh = θ
n
h , we rewrite above equation as form
(∂θnh , θ
n
h) + (K(|∇ρn|)∇ρn −K(|∇ρnh|)∇ρnh,∇ρn −∇ρnh)
= (K(|∇ρn|)∇ρn −K(|∇ρnh|)∇ρnh ,∇ϑn) + (piρnt − ∂piρn, θnh).
(5.30)
For the first term, we have the identity
(∂θnh , θ
n
h) =
(
∂θnh ,
θnh + θ
n−1
h
2
+
∆t
2
∂θnh
)
=
1
2∆t
(
‖θnh‖2 −
∥∥θn−1h ∥∥2)+ ∆t2 ‖∂θnh‖2 .
(5.31)
For the second term, the monotonicity of K(·) in (2.9) yields
(K(|∇ρn|)∇ρn −K(|∇ρnh |)∇ρnh,∇ρn −∇ρnh) ≥ C0ωn ‖∇χn‖2Lβ (5.32)
with ωn = ω(tn) =
(
1 + max
{
‖∇ρnh‖Lβ(Ω) , ‖∇ρn‖Lβ(Ω)
})−a
.
For third term, using (2.4), Holder’s inequality, there is a positive constant C independence of
h,∆t, n such that
(K(|∇ρn|)∇ρn −K(|∇ρnh|)∇ρnh,∇ϑn) ≤ CM
1
βλ ‖∇ϑn‖Lβ . (5.33)
For the last term, it follows from using L2-projection and Taylor expand that
(piρnt − ∂piρn, θnh) = (ρnt − ∂ρn, θnh) =
(
1
∆t
∫ tn
tn−1
ρtt(τ)(τ − tn−1)dτ, θnh
)
. (5.34)
Differentiating equation (1.15) in time provides,
ρtt = ∇ · (K(|∇ρ|)∇ρ)t + ft.
This and (5.34) imply
(piρnt − ∂piρn, θnh) =
(
1
∆t
∫ tn
tn−1
ft(τ)(τ − tn−1)dτ, θnh
)
−
(
1
∆t
∫ tn
tn−1
(K(|∇ρ|)∇ρ)t(τ − tn−1)dτ,∇θnh
)
= I1 + I2.
(5.35)
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For the first term of left hand side in (5.35),
I1 ≤ 1
∆t
∥∥∥∥∥
∫ tn
tn−1
ft(τ)(τ − tn−1)dτ
∥∥∥∥∥ ‖θnh‖
≤ 1
∆t
‖ft‖L2(In,L2)
[∫ tn
tn−1
(τ − tn−1)2dτ
] 1
2
‖θnh‖
≤ 1
6
∆t ‖ft‖2L2(In,L2) +
1
2
‖θnh‖2 ,
(5.36)
where In = [tn−1, tn].
For the second term of left hand side in (5.35), using integration by part, triangle inequality,
(2.4), and Ho¨lder’s inequality we find that
I2 ≤ 1
∆t
∣∣∣∣∣
( ∫ tn
tn−1
K(|∇ρ|)∇ρdτ,∇θnh
)∣∣∣∣∣+ |(K(|∇ρn|)∇ρn,∇θnh)|
≤ C
∆t
∫ tn
tn−1
(|∇ρ|β−1, |∇θnh |) dτ + C(|∇ρn|β−1, |∇θnh |)
≤ C
∆t
[∫ tn
tn−1
‖∇ρ‖β−1Lβ dτ
]
‖∇θnh‖Lβ + C ‖∇ρn‖β−1Lβ ‖∇θnh‖Lβ .
According to (4.38),
I2 ≤ CM
β−1
β ‖∇θnh‖Lβ
≤ CM β−1β ‖∇χn‖Lβ + CM
β−1
β ‖∇ϑn‖Lβ
≤ ε ‖∇χn‖2Lβ + Cε−1M2
β−1
β + CM β−1β ‖∇ϑn‖Lβ .
(5.37)
Combining (5.35), (5.36) and (5.37) and using the fact that 1λ =
β−1
β ,
(piρnt − ∂piρn, θnh) ≤
1
6
∆t ‖ft‖2L2(In,L2) +
1
2
‖θnh‖2
+ ε ‖∇χn‖2Lβ + Cε−1M
2
λ + CM 1λ ‖∇ϑn‖Lβ .
(5.38)
It follows from (5.31), (5.32), (5.33) and (5.38) that
1
2∆t
(
‖θnh‖2 −
∥∥θn−1h ∥∥2)+ C0ωn ‖∇χn‖2Lβ ≤ ε ‖∇χn‖2Lβ + C(M 1βλ +M 1λ ) ‖∇ϑn‖Lβ
+C∆t ‖ft‖2L2(In,L2) +
1
2
‖θnh‖2 + Cε−1M
2
λ .
(5.39)
Selecting ε = C0ω
n
2 in (5.39), we obtain
1
∆t
(
‖θnh‖2 −
∥∥θn−1h ∥∥2)+ C0ωn ‖∇χn‖2Lβ ≤ C(M 1βλ +M 1λ ) ‖∇ϑn‖Lβ
+ C∆t ‖ft‖2L2(In,L2) + ‖θnh‖
2
+ C(ωn)−1M 2λ + CM 1λ ‖∇ϑn‖Lβ .
(5.40)
Dropping the second term in (5.40) and using (5.5) and the fact 2λ + γ = 1, we get
1
∆t
(
‖θnh‖2 −
∥∥θn−1h ∥∥2) ≤ ‖θnh‖2 + C {(M 1βλ +M 1λ ) ‖∇ϑn‖Lβ +M 2λ+γ}+ C∆t ‖ft‖2L2(In,L2) .
Summing from n = 0 to n = m − 1 with 0 < m ≤ N and using the fact that θh(0) = 0, we
obtain
‖θmh ‖2 ≤ ∆t
m−1∑
n=0
‖θnh‖2 + C
{
(M 1βλ +M 1λ )
m−1∑
n=0
∆t ‖∇ϑn‖Lβ
+ (∆t)2
m−1∑
n=0
‖ft‖2L2(In,L2) + (m− 1)M∆t
}
.
(5.41)
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An application of the discrete Gronwall’s inequality shows that for ∆t sufficiently small,
max
0≤n≤N
‖θnh‖2 ≤ C
{
(M 1βλ +M 1λ )
m−1∑
n=0
∆t ‖∇ϑn‖Lβ +M∆t
}
+ C(∆t)2 ‖ft‖2L2(I,L2) ,
(5.42)
which implies
max
0≤n≤N
‖θnh‖ ≤ C
{
(M 12βλ +M 12λ )h r−12
(N−1∑
n=0
∆t ‖ρn‖W r,β
) 1
2
+M 12
√
∆t
}
+ C∆t ‖ft‖L2(I,L2) .
(5.43)
Finally, the result follows from (5.43) and ‖ρn − ρnh‖ ≤ ‖θnh‖+ ‖ϑn‖ .
Now we give the error estimate for gradient in fully discrete version.
Theorem 5.6. Let ρ solve problem (3.2) and ρnh solve the fully discrete Galerkin finite
element approximation (3.5) for each time step n, n = 1, . . . , N . Then there exists a positive
constant C independent of h and ∆t satisfying
‖∇ρnh −∇ρn‖Lβ ≤ C(h
r−1
4 +
4
√
∆t). (5.44)
Proof. Selecting wh = θ
n
h , in (5.29) and rewriting the resulting equation as form
((K(|∇ρn|)∇ρn −K(|∇ρnh|)∇ρnh,∇ρn −∇ρnh)
= (K(|∇ρn|)∇ρn −K(|∇ρnh|)∇ρnh ,∇ϑn) + (ρnt − ∂ρnh, θnh).
Due to (2.10), Cauchy-Schwartz and triangle inequality, one has
ωn ‖∇ρnh −∇ρn‖2Lβ ≤ C (‖∂ρnh‖+ ‖ρnt ‖) ‖θnh‖+ C(|∇ρn −∇ρnh|, |∇ϑn|).
Since
‖∂ρnh‖ = (∆t)−1
∥∥∥∥∥
∫ tn
tn−1
ph,tdt
∥∥∥∥∥ ≤ (∆t)−1
∫ tn
tn−1
‖ph,t‖ dt ≤ max
[T/N,T ]
‖ph,t‖ ≤ D2,
‖pnt ‖ ≤ max[T/N,T ] ‖pt‖ ≤ D2 and (5.33), we obtain
ωn ‖∇ρnh −∇ρn‖2Lβ ≤ CD2 ‖θnh‖+ CM
1
βλ ‖∇ϑn‖Lβ .
Using estimate in (5.43) and (5.5) shows that
‖∇ρnh −∇ρn‖2Lβ ≤ CD2Mγ
{
(M 12βλ +M 12λ )h r−12
(N−1∑
n=0
∆t ‖ρn‖W r,β
) 1
2
+M 12
√
∆t
+∆t ‖ft‖L2(I,L2)
}
+ CMγ+ 1βλhr−1 ‖ρn‖W r,β ,
which proves (5.44). The proof is complete.
6. Numerical results. In this section, we give a two simple numerical experiments using
Galerkin finite element method in the two dimensional region to illustrate the convergent
theory. For simplicity, we test the convergence of our method with the Forchheimer two-term
law g(s) = 1 + s. Equation (1.12) sg(s) = ξ, s ≥ 0 gives s = −1+
√
1+4ξ
2 and hence
K(ξ) =
1
g(s(ξ))
=
2
1 +
√
1 + 4ξ
.
The region is selected is unit square, i.e Ω = [0, 1]2 . We use the Lagrange element of order
r = 2 on the unit square in two dimensions. We used FEniCS [29] to perform our numerical
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simulations. We divide the unit square into an N × N mesh of squares, each then subdivide
into two right triangles using the UnitSquareMesh class in FEniCS. For each mesh, we solve
the generalized Forchheimer equation numerically. The error control in each nonlinear solve
is ε = 10−6. Our problem is solved at each time level start at t = 0 until final time T = 1.
At this time, we measured the L2-errors of pressure and Lβ-errors of gradient of pressure and
velocity. Here β = 2− a = 2− deg(g)deg(g)+1 = 32 .
Example 1. The analytical solution is as follows
ρ(x, t) = e−2t
[
1
2
(x21 + x
2
2)−
1
3
(x31 − x32)
]
+ 1, ∀(x, t) ∈ Ω× [0, 1].
The forcing term f is determined accordingly to the analytical solution by equation pt − ∇ ·
(K(|∇ρ|)ρ) = f . Explicitly,
f(x, t) = −2e−2t
[1
2
(x21 + x
2
2)−
1
3
(x31 + x
3
2)
]
− 4e
−2t(1 − x1 − x2)
1 +
√
1 + 4e−2tW (x)
+
4e−4t
[
x21(1− x1)2(1− 2x1) + x22(1− x2)2(1− 2x2)
]
W (x)
(
1 +
√
1 + 4e−2tW (x)
)2√
1 + 4e−2tW (x)
.
whereW (x) =
√
x21(1− x1)2 + x22(1− x2)2. The initial data ρ0(x) = 12 (x21+x22)− 13 (x31−x32)+1
and the Neumann boundary condition ψ(x, t) = 0. The numerical results are listed as the
following table.
N ‖ρ− ρh‖ Rates ‖∇(ρ− ρh)‖Lβ(Ω) Rates
4 6.33e-02 - 4.51E-01 -
8 5.50E-02 0.20 4.07E-01 0.15
16 4.52E-02 0.28 3.70E-01 0.14
32 3.50E-02 0.37 3.22E-01 0.20
64 2.53E-02 0.47 2.70E-01 0.25
128 1.73E-02 0.55 2.21E-01 0.29
256 1.13E-02 0.61 1.79E-01 0.31
512 7.19E-03 0.63 1.43E-01 0.32
Table 1. Convergence study for generalized Forchheimer flows using Galerkin finite element
method with zero flux on the boundary in 2D.
Example 2. The analytical solution is ρ(x, t) = x1x2e
−t+1 for all (x, t) ∈ Ω× [0, 1]. The
forcing term f , initial condition and Neumann boundary condition are determined accordingly
to the analytical solution as follows
f(x, t) = −e−tx1x2 + 8e
−2tx1x2√
x21 + x
2
2
(
1 +
√
1 + 4e−t
√
x21 + x
2
2
)2√
1 + 4e−t
√
x21 + x
2
2
,
and
ρ0(x) = x1x2 + 1, ψ(x, t) =
2e−t
1 +
√
1 + 4e−t
√
x21 + x
2
2


x2 on x1 = 0,
−x2 on x1 = 1,
−x1 on x2 = 1,
x1 on x2 = 0.
The numerical results are listed in below table
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N ‖ρ− ρh‖ Rates ‖∇(ρ− ρh)‖Lβ(Ω) Rates
4 4.40E-02 - 2.67E-02 -
8 2.24E-02 0.97 2.02E-02 0.40
16 1.15E-02 0.96 1.37E-02 0.56
32 5.90E-03 0.96 8.53E-03 0.68
64 3.01E-03 0.97 4.99E-03 0.77
128 1.53E-03 0.98 2.79E-03 0.84
256 7.70E-04 0.99 1.52E-03 0.88
512 3.94E-4 0.99 8.28E-4 0.92
Table 2. Convergence study for generalized Forchheimer flow using Galerkin finite element
method with nonzero flux on the boundary in 2D.
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